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A detection of large local form non-Gaussianity is considered to be able to rule out all single 
field inflation models. This statement is based on a single field consistency condition. Despite the 
awareness of some implicit assumptions in the derivation of this condition and the demonstration 
of corresponding examples that illustrate these caveats, to date there is still no explicit and self- 
consistent model which can serve as a counterexample to this statement. We present such a model 
in this Letter. 
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Primordial non-Gaussianity is an important probe 
of the inflation models. Different properties of non- 
Gaussian correlation functions can reveal different 
physics of the underlying models jlJ-Q] • In this Letter we 
concentrate on the so-called local type non-Gaussianity. 
There is an important statement on how the local non- 
Gaussianity can be used to distinguish inflation models: 

0) A detection of a large local non- Gaussian component 
in the bispectrum can rule out all single field inflation 
models 

The size of local non-Gaussianity which can be de- 
tected with high confidence level in the near future is 
/jvl ^ 1- By single field inflation models, we include 
not only the slow-roll single field models with Bunch- 
Davies (BD) vacuum, but also all other inflation models 
that have one field responsible for both the inflation and 
creation of curvature perturbation. The statement 0) is 
based on Maldacena's consistency condition for the single 
field models [6, 4], 
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in which k% <C k\ = &2 and 1Z is the curvature per- 
turbation on comoving slices, n s is the spectral index 
and Viz{k) is its power spectrum per unit logarithmic 
momentum interval. Since the momentum-dependence 
on the RHS of (JU), ~ l/fcjjfcf, takes the scale-invariant 
local form, the size of the local non-Gaussianity in the 
squeezed limit (k% <C fci = fca) is ~ 1 — n s , which 
is of order the slow-variation parameter 0(e) ~ O(0. 01) 
at the leading and non-oscillatory order. Therefore these 
models predict very small local non-Gaussianity. 

The derivation of this condition relies on a very gen- 
eral assumption: for single field, the only effect of a long 
wavelength mode on short wavelength modes is to pro- 
vide a constant rescaling of the background scale factor. 
Nonetheless, despite of its generality, it has been noticed 
that there are a couple of implicit assumptions underly- 
ing the derivation of this condition 0, 0, H[ : 

A) There is no large correlation between modes when 
all modes are sub-horizon. So we only need to consider 



starting from when the long wavelength mode is outside 
the horizon (Sec. 9.2 in 

B) The amplitude of the superhorizon mode remains 
constant, namely, the attractor solution is reached 0, 0] ■ 

Although it may be highly unnatural that these as- 
sumptions are broken for infinitely squeezed configura- 
tion, or in the whole 60 e-folds range of inflation, one 
can consider to invalidate them in a smaller range so that 
the condition ([!} is violated up to some finitely-squeezed 
limit. Such a violation is relevant for realistic experi- 
ments which can only measure finitely-squeezed limits. 

So we emphasize that the statement 0) and the con- 
dition ([TJ are not equivalent. A simple fix is to supple- 
ment the extra conditions A) and B) to the statement 
0). But more interestingly it has become an important 
question whether we can find counterexamples to 0) by 
exploring the caveats A) and B). Despite of many efforts, 
to date no explicit and self-consistent example is known 
that can invalidate the statement 0), although there do 
exist many examples that violate the consistency condi- 
tion (JTJ through violating the assumptions A) and/or B). 
The following is a brief summary of this situation. 

A) For example, subhorizon modes can have large non- 
Gaussian correlations if the vacuum is non-BD and has 
a negative energy component An observational 

signature is enhanced 3pt correlation in folded triangle 
configurations, which include the squeezed configuration 
so could have overlap with the local form. However the 
non-BD vacuum component in 0-11, 13-3] is put in by 
hand and cut off at a specific time because it cannot be 
extended to infinite past. This procedure is not fully self- 
consistent. Around the cutoff, the full set of equations of 
motion are not solved. It is the assumption of this cutoff 
procedure that the non-Gaussian correlation is integrated 
starting from the cutoff, but before and especially around 
the cutoff, the physics may be already important if done 
consistently and change the final non- Gaussian profile. 
Indeed, in a fully consistent toy example studied in [12j . 
the non-Gaussianity still peaks at the folded limit, but 
at the same time acquires an overall scale-dependence 
oscillatory around zero. Therefore a scale-invariant local 
template is not able to pick up such signals even though 
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they violate the consistency condition at some finitely- 
squeezed configurations. What should happen to other 
possible consistent examples remains an open question. 

For another example, subhorizon correlation is also 
possible from feature models such as the resonant model 
[3~qL I20I ] or sharp feature model 21 - 24 1 , which can violate 
the condition ([l} for finitely-squeezed configurations from 
the leading BD component. In these examples, scale- 
dependence oscillatory around zero also exists. 

B) The possibility of non-attractor solutions has also 
been explored. There are examples such that a tran- 
sient stage to inflation leads to non-Gaussianities with 
scale-dependence oscillatory around zero (l9j . or ex- 
amples that generate non-oscillatory (yet still strongly 
scale-dependent) local non-Gaussianity but only in non- 
inflationary and contracting background [25| . Recently, a 
non-attractor inflation model with scale-invariant power 
spectrum and bispectrum is presented Q, see also 0, 
271 ] . which clearly demonstrates the compatibility be- 
tween the scale-invariance and the caveat B). But the 
model only produces a relatively small non-Gaussianity, 
f l § c L = 2.5. Hence the statement 0) still holds. 

Therefore a continued search in both possibilities, or 
an investigation for other possibilities [28j |. become very 
important. Especially if such a local component were dis- 
covered in future observations, these studies would help 
us to understand its precise implications. 

In the rest of this Letter, we present a self-consistent 
counterexample to the statement 0) by exploring the sec- 
ond caveat B) along the line of Ref. Q- We emphasize 
that, for the purpose of this Letter we allow various fine- 
tunings to get the right amount of e-folds and the scale- 
invariant power spectrum, and we do not address the UV 
completion aspects of the model, because these are not 
the concerns of either the statement 0) and the condition 
(P), or the assumptions A) and B). Possible improvement 
on such issues can be interesting subjects for future work. 

We consider general sing le field inflation with non- 
canonical kinetic term 29, For reasons that will 
become clear, we seek a model in which the sound 
speed c s <C 1 is constant but the slow-roll parame- 
ter e = —H/H 2 decays rapidly with a constant rate, 
rj = e/He ~ const. The Lagrangian of our model is 



P = X 



x a 

M 4a ~ 



V^),V(cf>) = V + v[^-) ,(2) 



in which X — —\d^(j)d^(f) an d M, a, v, Vo and j3 are free 
constant parameters. We choose initial conditions such 
that the constant term in the potential dominates the 
total energy density and drives the inflation. We assume 
that in a non-attractor transient inflationary phase, the 
canonical kinetic term X is sub-dominant. We check the 
consistency of this assumption below. After sufficient de- 
cay of the kinetic energy, the linear term dominates which 
gives a second, conventional slow-roll inflationary phase. 



Since the superhorizon modes are frozen during the sec- 
ond phase, taking care of their evolution in the first non- 
attractor phase is enough. The background equations of 
motion are 



3M P 2 H 2 = 2XP.x - P , M P 2 H 



-XP X , (3) 
(4) 



P,xc7 s z X + QHXP^x - P$<l> = . 

The sound speed is c 2 — P^x/{P,x + 2XP^xx), and for 
future references, E = XP X + 2X 2 P. XX = H 2 e/c 2 , A = 
X 2 P t xx + ^X 3 P_xxx- In the non-attractor phase where 
the non-linear kinetic term dominates, we have 

cj~l/(2a-l). (5) 

For a ^> 1, we have a constant c s < 1 as desired. The 
expression for A also simplifies to A/E = (1 — c 2 )/{&c 2 ). 

We solve the background equations by proposing the 
ansatz, <p = 4'oa K 1 in which k is a constant. Physically 
this corresponds to a fine-tuning of the inflationary po- 
tential and the background initial conditions. Plugging 
this ansatz in (j4]) and noting that H is nearly constant, 
we constrain some parameters in the potential, 
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Besides that we have e = XP iX /M P 2 H 2 cx a 2afi 
constant k also yields a constant rj, 

■q = 2an 



(0) 



So the 
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as we desired. As we will see later, the scale-invariance 
of the power spectrum requires rj ~ —6. 

Using these results one can easily check that 
X a /M ia ~ i ~ -c*(l + Zc 2 *,- 1 )-^ {(f>/M P f < 
— v(0/Mp) /3 <C Vo- That is, the total energy density 
is dominated by the potential. 

In the above, we assumed the canonical kinetic term 
is negligible, X < X a /M ia ~ i 1 or X/M 4 > 1 for a > 
1. Using the above ansatz this condition translates into 



'V k 2 /6Mp 2 M 4 > 1 . This condition breaks down at 

0* given by <fr*/Mp ~ M 2 y / 6/VoK 2 . After </>„, we can 
have a slow-roll phase, by suitable initial conditions. If 
this does not happen, we lose our analytic control on the 
full solution. 

The picture we present here is that the inflaton rolls 
up the potential at the first non-attractor inflation phase. 
This is in contrast to the usual picture that the inflaton 
rolls down the potential in the attractor phase. Depend- 
ing on initial conditions the inflaton can have different 
trajectories. One possibility is that it stops somewhere 
before crossing the origin, and then starts to roll down 
on the same side of the potential (i.e. undershoot). An- 
other possibility is to cross the top of the potential and 
then roll down on the other side (i.e. overshoot). The 
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FIG. 1: Inflaton (f> versus inflationary e-fold n. The upper 
solid black curve and the lower solid blue curve represent the 
undershoot and overshoot case, respectively. The dashed lines 
are the analytic ansatz for the non-attractor phase. Parame- 
ters are V ~ 6 x 10~ 4 , M = 5 x 10" 5 , a = 10 and 77 = -6, 
(M P = 1). 



FIG. 2: Phase diagram for the same model as in Fig. \T\ 
Dashed blue and dashed-dotted red curves represent the un- 
dershoot and overshoot case, respectively. The black solid 
curve is the separator of different types of trajectories. 



non-attractor inflationary phase when the inflaton rolls 
up the potential is the one we concentrate in this study. 
This picture is numerically simulated in Figs. [1] and [21 

Now, let us look at the perturbation. The quadratic 
perturbative Lagrangian for the comoving curvature per- 
turbation is 129] 



C-2 



K 2 - ae{dTZf 



Using e oc a r ' and assuming the Bunch-Davies vacuum 
deep inside the horizon, the mode function is given by 

Ti k =C k x v Hi x \x) , (9) 

where we defined x = —c s kr, v = (3 + 77) /2, and \Ck\ 2 = 



-2v^„2-2v 



H 2 (-ny- 2v /(8eiMf,). Here the subscript 
i indicates some initial time during the non-attractor 
phase. Expanding the Hankcl function with rank v < 
for small x, one obtains the power spectrum in terms 
of the physical variables at the end of the non-attractor 
phase (indicated by the subscript e), 
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Note that during the non-attractor phase the curvature 
perturbation grows very rapidly on super-sound-horizon 
scales due to the fast decay of e. This phase terminates 
once the slow-roll phase starts and the curvature pertur- 
bation on super horizon scales freezes afterwards. 

The spectral index is given by n s — 1 ~ 3 + 2d = 6 + 77. 
Very interestingly, we simply need 77 ~ —6 to have a near 
scale invariant power spectrum. In the following we focus 
on this case with its simplified mode function 



It is also instructive to consider the reason for the 
scale-invariance in terms of the scalar field perturbation 
in the spatially flat gauge, where the scalar fluctuation 
is defined in terms of <j> = <f>o + 5(f). At the leading 
order, 1Z = —H5(j)/(f)Q. For both the conventional at- 
tractor slow-roll case and the previous non-attractor ex- 
ample 0), the scale-invariance comes from the fact that 
(8) 8<j) is approximately constant on superhorizon scales. In 
our model, the background H and (f> are slowly vary- 
ing, while 5(f> grows as a 3 both at sub-sound-horizon and 
super-sound-horizon scales relative to the conventional 
case. Alternatively however, if one rewrites everything 
by introducing a redefined scalar field a oc <f) a , one finds 
that 5a behaves like a canonical scalar field with the ef- 
fective mass-squared m 2 = H 2 rj(rj + 6)/4, provided that 
the background evolves as a oc dpi 2 . The only difference 
from the canonical case is the sound velocity. Thus for 
r] ~ —6, both the background a and the perturbation 8a 
behave like those in the non-attractor model discussed in 
0, and the scale-invariance is recovered. This analysis 
also suggests that the background trajectory is fine-tuned 
as noted. As in the previous case p}, because of the re- 
lation 1Z = —HSa/a cx a~ v / 2 5a, the amplitude of 5a at 
the sound-horizon crossing must be small enough. This 
condition can be satisfied by choosing a low scale H, re- 
sulting in a negligible tcnsor-to-scalar ratio. 



(10) 



n k = c k \ - 
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The cubic perturbative Lagrangian for general single 
field inflation is 0, [3(3] 



£3 = -a 3 (E(l - 
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with the field redefinition, 



K = Kr, 



4c? 



c 2 H 



7? 7? 



(13) 



Terms not listed in Eqs. (fl2j) and (|T3[) are suppressed by 
either 0(e 2 ) or spatial derivatives. 

If non-Gaussianity is sourced by large interaction terms 
in the inflaton sector, the interaction introduced by grav- 
ity becomes negligible. It is often convenient to go to 
the spatially flat gauge, where one can simply perturb 
P(X, 4>) with respect to 5(f> and get 



r 3 2A 



s(i-c*) 
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(14) 



where the derivatives of P with respect to 4> is ignored 
since they are not enhanced by cj 2 . Integrating by 
part one can check that, for H^<f>,rj,c s ~ const, and 
A/S, cj 2 3> 1, the above two descriptions (terms listed in 
spatially flat gauge vs. comoving gauge) are equivalent 
at the leading order. 

The two terms in the field redefinition give local shape 
non-Gaussianity as usual. In the familiar attractor sin- 
gle field case Q , the terms in (|12[) or (fl"4"|) are responsible 
for two independent leading order equilateral-like shapes. 
Interestingly, the physical consequence of these terms be- 
comes very different here. The last term in either (fl~2"|) 
or (1141) is now subdominant due to the spatial deriva- 
tive. The rest of the terms still contribute to large non- 
Gaussianity but the shape is no longer equilateral. In 
Q, the super-sound- horizon mode is constant and can- 
not generate large correlations with sub-sound-horizon 
modes; so a large bispectrum comes from when all three 
modes exit the sound horizon at about the same time, re- 
sulting in equilateral shapes. In contrast, here both the 
modes (fTTj) and their correlations are still growing after 
sound-horizon exit, so we expect the non-Gaussianity to 
carry a significant local component. Detailed calculation 
(see [l[ for method) reveals that all these leading shapes 
are exactly of the local form, and scale invariant. For 
i] ~ — 6 and c~ -C 1, the final result, summing over the 
four terms in the comoving gauge or equivalently only 
one term in the spatially flat gauge, is 



floe ^ ' 
JNL — Tj>. 
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(15) 



This is our main result. The size of the local non- 
Gaussianity is enhanced by 1/c 2 which for sufficiently 
small c s can be detectable in near future observations. 
As a result, a detection of large local non-Gaussianity 
alone will not rule out all single field inflation models. 
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